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IMPORTANT NOTES

As usual, continuing classes are only listed if they are specifically inviting new students to enter.
Many continuing classes are changing their meeting time and/or room; check the schedule. Rooms
may be switched in the first few days of classes; watch out for announcements at assembly and on
the schedule board.

New this week: TAU is moving from Diamond to the Parker-Reed room in the Schair-Swenson-
Watson Alumni Center, which is across the big grassy area from Diamond and across the street
from Olin and Arey.

NEwW CLASSES AT 9AM

The Probabilistic Method. (xx; M@Q; week 1 of 1)

The Probabilistic Method is a kind of black magic, where we use probability to prove statements
that are not probabilistic at all. There are endless applications to combinatorics, graph theory,
geometry, game theory, etc. A typical application is to prove existence of objects with desired
interesting or extremal properties. In some cases we can prove existence of objects where no
constructions are known.

Here are a few examples of the kinds of things we will prove in the class.

(1) For any graph G with e edges and v vertices with e > 4v, the minimal number of crossings
in any drawing of G in the plane is at least e3/64v2.

(2) For every d > 1 there is a set of at least P <5§>dJ points in the d-dimensional Euclidean
space R? such that all angles from the set are strictly less than /2.

(3) Given any collection of more than (Zj) subsets of {1,2,...n}, some pair of them is disjoint.
(The Erdds-Ko-Rado Theorem)

(4) Mark and Mira play a game. Mira picks a number 1-100. Mark gets to ask 10 yes-or-
no questions to try guess it, but Mira can lie up to once. Mark wins if he can deduce the
number, and Mira wins otherwise. Prove that Mira has a winning strategy, if she is cunning
enough.
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Prerequisites: None.
Homework: None.

Related to: Intro Combinatorics (Week 1), Basic Graph Theory (Week 2), Geometric Graph Theory
(Week 2), Information Theory (Weeks 1-2, 4)

The Mathematics of Google. (xx; Mira; week 1 of 1)

There are many ingredients that go into the amazing phenomenon that is Google, and we certainly
won’t get to all or even most of them. We’ll focus on the fundamental innovation that originally set
Google apart — PageRank — which is based on some very simple yet powerful linear algebra. We’ll
talk about how and why PageRank works, and possibly experiment with implementing it ourselves
on a small model of the Web.

We’ll also talk about the HITS algorithm, invented by Jon Kleinberg at around the same time
that Page and Brin started their company. HITS also uses linear algebra, but in a totally different
way. It is, in many respects, much more elegant than PageRank, and does things that PageRank
can’t do. Unfortunately, it also has one big disadvantage, which made it, until recently, computa-
tionally impractical. (That’s why Page and Brin are billionnaires, whereas Kleinberg is “merely”
the recipient of the 2006 Nevanlinna prize — the applied math equivalent of the Fields medal.)
Recently, however, new companies are being started in an attempt to implement HITS on a larger
scale. Who knows — it might yet become the web search of the future.

Note to MCO06 alumni: Some of the material in this class was covered in the second week of my
Applied Linear Algebra class last summer. However, this year we have more time and will go into
a lot more detail.

Homework: Recommended. If there’s interest, we may also try some computer-based mini-projects.

Prerequisites: Linear algebral! You should thoroughly understand (and, ideally, be able to prove)
the following statement:

Let A be a symmetric n X n matriz. If 01 and vy are eigenvectors of A with cor-
responding eigenvalues \y # Ao, then v and v3 must be orthogonal. (Hint:
consider U_iTAU_é.)

Random Fact: 1 was friends with Sergey Brin when we were both around 10, but I haven’t talked
to him in 25 years.

Does Size Matter? An Introduction to Measure Theory. («xx; Nina; week 1 of 1)

In this class on measure theory we’ll restrict our attention to the the real numbers. A measure
on R is a real-valued function on a (certain!) collection of subsets of R which tells us how “big” a
subset is — that is, if you slid all the points in the subset together, what would be the length of the
space they take up.

We’ll learn why the rational numbers are actually insignificant size-wise in R, we’ll construct “fat”
Cantor sets of arbitrary measure, and most-exciting, if we assume the Axiom of Choice dramatic
music comes in, crescendos to a booming climaz, and dies away we’ll show that, contrary to our
intuition, some sets can’t be measured at all!

Other topics we could cover, based on interest, would be Hausdorff dimension, general measure
spaces, and/or Lebesgue integration — a more general integral theory than the Riemann integral,
allowing us to integrate functions the Riemann integral can’t.

Prerequisites: Comfort with series.

Homework: Recommended.



Related to: Real Analysis (Weeks 1-3), Metric Spaces (Week 3).

Olympiad Problem Solving with Abstract Algebra. (x%xx; Bogdan; week 1 of 1)

There are many math competitions around the world these days. Almost every country has its
national olympiad and there are also regional and international ones.

In several such competitions higher algebra problems are often proposed to the students (I men-
tion only two: William Lowell Putnam Mathematical Competition and the International Mathe-
matical Competition).

I will show some nice such problems and some tools and tricks to deal with them. To see what
this is all about, here are some examples of problems I’'m going to discuss during this class.

(1) Let A be a 2 x 2 matrix with real entries and let n > 2 be an integer.
Show that A™ = 0, if and only if A% = 0,.

(2) Let A = {z1,22,...,2,} be a set of real numbers and let A;, As,..., A, be subsets of A.
Let X = (z;;) be the matrix defined by z;; = 1 if z; belongs to A; and z;; = 0 otherwise.
Prove that det X > 0.

(3) The binary law “+” is defined on the set of real numbers such that

(axb)xc=a+b+ec,

for all a, b, c. Prove that a xb=a + b, for all a,b.
(4) An associative operation “o” is defined on some set S, such that if a # b then aob # boa.
Prove that for all a,b,c in S we have (aob)oc=aoc.
(5) Let G be a group with n elements and let H = {x?|z € G}. Prove that G = H if and only
if n is odd.

Come and see the solutions!

Prerequisites: Knowledge of basic algebraic definitions and properties.

NEwW CLASSES AT 10:10AM

Constructible or Not? (x—kx; Dave, Nina; week 1 of 1)

Did you miss Greece to Galois? Didn’t want to invest that many hours? You can still get a taste
of the multimillenial history behind Galois theory.

This class is about drawing pretty pictures, and showing that some pretty pictures cannot be
drawn. Many of you have constructed an equilateral triangle or a square using a ruler and compass,
but what about a pentagon? Is a general N-gon constructible?

After examining polygons, it is natural to ask what other sorts of objects can or cannot be
constructed. The most famous of these questions is the problem of squaring the circle, which was
open for over 2000 years, appearing everywhere from Aristophanes to James Joyce’s Ulysses. The
class will culminate in tackling this conundrum.

Prerequisites: None.
Homework: None.

Related to: From Greece to Galois (Weeks 1-4)



Category Theory. (xx; Noah; week 1 of 1)

Category theory is an important unifying language in modern mathematics. One of the key
ideas in category theory is to study mathematical objects not by looking inside the object at its
elements, but rather by looking outside the object at its relationship to other objects. The goal of
this class is to get you familiar with categories, functors, and universal properties.

Although this class has no explicit prerequisites, it will draw examples from a wide range of
mathematics. Most examples will be relatively elementary, but you will need to be comfortable
with a class where you only fully understand some of the examples. It would be best if you knew
the definition of at least one of a vector space, a group, a ring, or a topological space (however, no
detailed knowledge beyond the definitions will be used).

Homework: Optional.

Prerequisites: None—but see above.

“Cube-ic” Mathematics. (x%x; Leigh, MQ; week 1 of 1)
What would happend if, after wowing the soccer campers with your Rubik’s Cube solving skills,
you told those same campers that

“The Rubik’s Cube group is the kernel of a homomorphism which takes a subgroup of the Illegal
Rubik’s Cube group of index 6 to the cyclic group of order 2, and in addition, the commutator
subgroup of the Rubik’s Cube group is half of the entire group.”

Most of them would probably decide you were having a fit and quickly back away. In fact, most
people would probably be shocked at the amount of abstract mathematics that the Cube embodies.
This course sets out to explore that mathematics. We begin with telling you that the moves (or
positions of the Cube form a group, and trying to get a handle on its structure. How big is the
Rubik’s Cube group? What’s the largest element (this is actually an unsolved problem)? And
there’s lots of questions you might know the answer to, but have never proved. For instance, can
you prove that it’s impossible to just flip one edge of the cube?

No Cubing experience is required for this course. If you’'ve never heard of the ‘superflip’ or
‘four-spot’, that’s fine with us. Do be ready to encounter things like group presentations, normal
subgroups, and semi-direct products. Like actually solving the cube, the mathematics takes some
time to absorb.

Disclaimer: This is NOT a speedcubing class — we just want to talk about the math. Having
said that, we will try to take a basic algorithm and prove that it really will solve the Cube (however
inefficiently). And you might come away with enough insights to make your own algorithms.

Prerequisites: You should be very comfortable with the following group theory concepts: permu-
tation groups, cyclic groups, order, generators, subgroups, and homomorphisms. Some basic ideas
about group actions would also be helpful, but not absolutely necessary.

Homework: Optional.

Related to: Groups & Symmetry (Weeks 1-2), Group Actions (Week 3), Enumeration Celebration
(Week 3), The Shape of Groups (Week 3)



Musical Orbifolds. (x*; Ari, Yvonne; week 1 of 1)

A musical chord can be represented as a point in a geometric space called an orbifold. Orbifolds
come from quotienting manifolds by group actions, and so they lie at the intersection of geometry
and topology. Our goal in this class is to think of symmetries in music (such as octave shifts and
key changes) as group actions on R™ and view classes of chords as the resulting quotient orbifolds.

We’ll start with all the necessary topological and algebraic preliminaries to define and discuss the
notion of an orbifold. Then, we’ll give an explicit interpretation of music and chord progressions
in these geometric terms, including several cool examples. This class is stolen entirely from recent
work by Dmitri Tymczko, a composer/mathematician at Princeton.

Prerequisites: Low-dimensional topology, some group theory.

Homework: None.

Elliptic Functions. (xxxx; Mark; week 1 of 1)

If you like periodic functions, such as sin and cos, then you should like elliptic functions even
better: They have two independent (complex) periods, as well as a variety of other nice properties
which are relatively easy to prove using a few results from complex analysis. Despite the name,
elliptic functions aren’t all that closely connected to ellipses; they first were noticed as inverse
functions of elliptic integrals, which, in turn, were called that because one such integral comes up
when you try to find arc lengths along an ellipse (a natural problem if you are studying planetary
motion). But elliptic functions are closely related to cubic curves, and also to modular forms. If
time permits, or perhaps in week 5, we may be able to use some of this material to prove the
remarkable fact that

n—1
o7(n) = o3(n) +120 Y _ o3(k)os(n — k),
k=1

where o;(k) is the sum of the i powers of the divisors of k . (For example, for n = 5 this comes
down to

1457 = 1454120 (1- (1423 +4%) + (13 +2%)(1° + 3%) + (1° + 3%) (1P + 2%) + (1° + 2° + 4°%) - 1),
which you can check some time when you’re bored.) As far as I know, no one has any idea how to

prove this statement more directly for general n, even though it seems like there “should” be some
combinatorial reason for it.

Prerequisites: Complex analysis.

Homework: Optional, probably.

NEwW CLASSES AT 11:10AM

Wallpaper Patterns. (xx; Leigh; week 1 of 1)

Have you ever just sat back and admired the patterns in a pretty quilt or fallen in love with an
Esher-like work of art? Trying to tile the plane with eye-catching patterns can provide long hours
of amusement. Just spend a few minutes surfing the web (google wallpaper patterns) and see how
many “artists” have been inspired by these enticing pictures. The words “wallpaper pattern” just
refer to any 2-dimensional repeating pattern. And of course, these repeating patterns have a lot
of symmetry (you knew the “s” word was coming at some point). With so many unique patterns
out there, it might suprise you that there are only 17 symmetry groups of these patterns (the 17
wallpaper groups). So every tiling, however intricate, falls into one of 17 groups by their symmetry.
And these 17 groups have really cryptic looking code names, like p31m, c2mm, and p2gg.
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This course will be devoted to proving that there are only 17 wallpaper groups, and what the
funny notation represents. There’s not just one result — we have to cover some prelimary results.
In particular, we’ll classify lattices into 5 types. The star group of the course is the Euclidean
group, which is the group of isometries (rotations, translations, and reflections). The tools are
relatively few, but the result is really cool. So come learn the secrets of wallpaper patterns and
how to decipher them.

Prerequisites: Basic group theory, and a willingness to plow through some special cases during the
classfication process.

Homework: Optional.

Related to: Groups & Symmetry (Weeks 1-2); Symmetry in Math and Art (Sat).

A Rational Approach to Irrationality. (xx—xx; Ed Burger; week 1 of 1)

Here in this course, we will consider two meta-themes. The first is seeing the power of the
great life lesson: To understand complex objects it is often best to first study the simple; and
second is attaining a better appreciation for how the rational and irrational numbers coexist on
the narrow confines of the real number line. More specifically, we will delve into some of the
mysteries of the exotic world of irrational numbers, not by studying those delicate numbers directly
but instead by seeing how well they can be approximated by the more familiar (but paradoxically
rarer) rational numbers. This area of mathematical study has its home in number theory and is
called “Diophantine approximation.” If you've ever gazed deeply into the real number line and were
baffled by what you saw, this course is for you!

Prerequisites: A curiosity into the world of real numbers. No number theory background is required.

Homework: There will be no “work” in this course—only “fun”. Challenges to be contemplated and
executed outside the class will be offered and will be expected to be attempted in earnest.

Related to: Number theory

Hyperbolic Geometry. (xxx; Yvonne; week 1 of 1)
Out of nothing I have created a strange new universe— Jdnos Bolyai

In the early nineteenth century, Bolyai and Lobachevsky wrote several papers on hyperbolic ge-
ometry as a geometry that broke Euclid’s fifth postulate. However, it wasn’t until the latter half of
the century that hyperbolic geometry caught the eye of the mathematical society, when mathemati-
cians discovered that this strange geometry provided new context for complex numbers, projective
geometry, and negative curvature. In this class, we will use geometry and groups to understand
these rich connections as well as discover how Euclidean geometry and projective geometry can be
used in the service of hyperbolic geometry.

Prerequisites: Groups & Symmetry, familiarity with complex numbers

Homework: Recommended.



Generalised Riemann Integration. (xxx; Julian; Tue-Fri)

The first fundamental theorem of calculus essentially says that if you differentiate a function F
to get f, and then integrate f, you get back to F' (modulo a constant). Unfortunately, there are
some evil functions whose derivatives can’t be integrated, for example:

Fla) r?sin(1/z%) for z >0
€Tr) =
0 when x = 0.

This function can be differentiated on [0,00) to get a function f, but f cannot be integrated on
[0, a] for any a > 0.

In this class, we will learn about a remarkably simple generalisation of the Riemann integral which
makes this fundamental theorem always true, and allows us to integrate even this evil function.
(It is also capable of integrating even more functions than the Lebesgue integral can—the above
example is not Lebesgue-integrable, for example!)

NB: This class is not about practical integration techniques!

Prerequisites: You must have seen e-0 arguments before.
Homework: Recommended.

Related to: Real analysis (Weeks 1-3); Measure theory (Week 4)

Stirling Numbers. (xxxx; Mathieu; Sat)

There are two kinds of Stirling numbers: those of the first kind, and those of the second kind.
One of them counts the number of permutations of n objects with k cycles, and the other counts
the number of partitions of n objects into k& non-empty parts (but I always forget which is which).

In this class, we’ll compute some of these numbers, figure out a recurrence relation, and give a
combinatorial proof (the best kind!) of a surprising link between the two kinds of Stirling numbers.
Then, by looking at their generating functions, we’ll see why Stirling numbers are not only cool
combinatorial objects, but useful in discrete calculus too.

Prerequisites: Basic combinatorics and linear algebra.
Homework: None.

Related to: Intro combinatorics (Week 1); Generating functions, Catalan numbers, and partitions
(Week 1)

NEwW CLASSES AT 1:10PM

Julian’s Choice. (x—#x*; Julian (duh); week 1 of 1)

e Squaring the Square (Tue)
Is it possible to cut a square up into finitely many non-congruent smaller squares?

Prerequisites: None.



Homework: Optional: Completing the proof!

e Probability: Generating Functions and Expectation (Wed)
A central idea in probability is expectation, also known as the mean. For example, I toss
5 coins and count the number of heads; what is the expected (or mean) number of heads?
The answer is clearly 5/2.
In this class, we will discover how to apply the power of generating functions to help us
calculate expectations. If time permits, we will also look at some amazing uses of probability
and expectations in combinatorics.

Prerequisites: Calculus (specifically differentiation).

Homework: Optional.

e The Motion of Planets Around the Sun (Thu-Fri)

A Feynman special!

On March 13, 1964, Richard Feynman gave a lecture to Caltech physics undergrads in
which he gave an “elementary” geometric proof, inspired by Newton, that the planets follow
elliptical orbits around the sun. This proof is not straightforward, but requires no calculus
or other advanced maths, and is stunningly beautiful.

We will endeavour to follow his proof!

Prerequisites: None.

Homework: Optional: a calculus-based proof of the same result.

Platonic Solids. (x; Marisa; Sat)

Tetrahedron. Hexahedron. Octahedron. Dodecahedron. Icosahedron. What is it, exactly, that
makes these the Platonic Solids — the only five convex regular polyhedra? We’ll describe their
elegant and simple classification using topology and combinatorics. And probably some chalk.

Prerequisites: None.
Homework: Generalize?

Related to: Intro to Graph Theory (Week 2), Groups and Symmetry (Weeks 1-2)

Trail Mix. (s—x*; Mark; week 1 of 1)

Would you like a snack on your mathematical journey? Try one or more of these classes, which are
one-time offerings without homework (but if you are intrigued by things in them, we can definitely
talk more during TAU or some other time).

e Perfect Numbers (x, Tue)

Do you love 6 and 287 The ancient Greeks did, because each of these numbers is the
sum of its own (positive) divisors, not counting itself. Such integers are called perfect, and
while a lot is known about them, other things are not: Are there infinitely many? Are there
any odd ones? Come hear about what is known, and about what perfect numbers have to
do with an ongoing search for large primes of a particular form, the so-called Mersenne
primes—a search which has largely been carried out, with considerable success, by a large

network of “volunteer” computers.
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Prerequisites: None.

Continued Fractions (sx, Wed)
If you start writing down the numbers

1 1 1
Ll+s, 14—, 14 .
1 141 1+ 1
1

g ey

what happens if you decide not to stop, that is, to continue? What numbers can be
represented by “continued fractions” similar to this one, and by more general ones? What
do such things have to do with Pell’s equation z? — Dy? = 1? We'll try to answer some,
and maybe all, of these questions.

Prerequisites: None.
Related to: Continued Fractions and Musical Scales (Thu)

The Nine-Point Circle (*, Thu)

This class will feature some more or less familiar special points that can be found in any
triangle, quick proofs that those points exist, and some beautiful geometric relationships
between them. In particular, we’ll look at the nine-point circle (or Feuerbach circle); you
can probably guess how many noteworthy points are on that circle.

Prerequisites: None.

Integration by Parts and the Wallis Product (s, Fri)

Integration by parts is one of only two truly general techniques for finding antiderivatives
(the other is integration by substitution). In this class you'll see (or review) this method,
and two of its applications: How to extend the factorial function, so that there is actually
something like the “factorial of 1/2” (although the generally used terminology is a bit
different), and how to derive the famous product formula

2 133557
which was first stated by John Wallis in 1655.

Prerequisites: Basic single-variable calculus.

Sums of two squares (xx*, Sat)

It’s not hard to see that 77 is not the sum of two perfect squares and that 89 is such
a sum (64 + 25), but if the numbers got large, how could you tell? We’'ll see how this
question leads to a beautiful theorem of Fermat, and there should be time to sketch at least
one proof of that theorem.

Prerequisites: Modular arithmetic should be enough, although a bit more number theory
experience would be nice.

(Information and) Coding Theory. (xxx; Mira; week 3 of 3)

Information and Coding Theory is back after a week’s hiatus, and it has an entry point for new
people as well. We're done with information theory: from here on, it’s all about coding. We’ll talk
about the new kinds of error-correcting codes that have been developed in the last 10 years, which
rely on probability theory and message-passing (aka dynamic programming) to achieve greater
efficiency than anyone previously dreamed of. People who have seen information theory will have a
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better appreciation for how these codes fit into the big picture. However, knowledge of information
theory is not actually required for understanding how the codes work.

Prerequisites: If you weren’t in the class during the first two weeks, please be sure to read and
understand the class description from Week 1. You will also need a solid understanding of basic
probability, including conditional probability, Bayes’ Theorem, random variables, and expected
value.

Homework: Required.

CoLLOQUIA (4-5 PM)

Conjugate Coupling: The Romantic Adventures of the Quintessential Quadratic.
(Ed Burger, Tue)

Here we will come to understand the “personality” of real numbers. Through our journey, we
will encounter some beautiful ideas from number theory, develop an appreciation for Diophantine
approximation, and along the way try to make some love connections. Results of both the ancient
and recent variety will be offered together with some surprising reality-TV style twists. If you have
an irrational desire to explore numbers, then this is for you!

General Relativity. (Anti; Wed)

Quantum mechanics, which we heard about in Week 2 from Allan Adams and Theo, is one
of the two crowning achievements of twentieth-century physics. The other is Einstein’s theory of
general relativity. Unlike quantum mechanics, which is an algebraic/analytic theory about the
counterintuitive behavior of very tiny particles, general relativity is a geometric theory about the
counterintuitive behavior of very massive objects.

We’ll begin with the mathematical framework of special relativity, which predicts that fast-
moving objects shrink, experience time more slowly, and increase in mass (in the famous ratio
E = mc?), and that nothing can travel faster than light. Then we’ll move on to general relativity,
which describes gravitational fields as the “curvature of spacetime” and predicts the expansion
of the universe and the existence of black holes. The “real” mathematical framework of general
relativity is tensor calculus on manifolds, but we’ll take an easier path, more intuitive and less
calculational.

Continued Fractions and Musical Scales. (Noah; Thu)

In this class we’ll discuss some interesting physics and mathematics behind musical scales. In
particular, there’s a rather remarkable property of the 12-note chromatic scale coming from number
theory! No background will be required in either music or continued fractions.

Covering Spaces, Monodromy, and Square Dancing. (Alfonso; Fri)

A covering space of a topological space (for instance, a surface or a curve) is what you get when
you “unfold” it. For instance, you can unfold a circle entirely and get a line, or unfold it partially
and get...another circle. You could also unfold a torus, and get another torus, a cylinder, or a
plane. You can unfold almost anything, like a Klein bottle or GL(n), but you cannot unfold a
Hawaiian ring. Interestingly, when we unfold a topological space, paths that started and ended at
the same point end up wandering in space, creating something called monodromy.

Covering spaces have many applications in daily life, such as Lie groups, quantum field theory, or
square dancing. What does square dancing have to do with covering spaces? Usual square dances
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have 8 dancers, but there is a 12-dancer variant called “hexagon squares” (sorry, I did not name
it). SD callers usually go through a lot of trouble to explain the rules for hexagon squares, and
are usually at a loss to figure out when a choreography that resolves in regular squares will resolve
in hexagon squares. Their lives would be so much simpler if they simply said “hexagon squares
are a triple cover of the quotient of regular square dancing by a Z/27Z symetry and a choreography
that resolves in regular squares also resolves in hexagon squares if and only the path of every boy
composed with the path of his girl has winding number around the center equal to 0 mod 3.”

This talk will be illustrated with shiny animations, courtesy of Ryan. No topology or dancing
knowledge will be asumed.

DIGESTIF (SATURDAY, 2:10-2:40 pM)

Symmetry in Math and Art. (MQ)

Symmetry is something that has fascinated both artists and mathematicians for thousands of
years. To mathematicians, patterns in the plane can be roughly classified as periodic or aperiodic.
The periodic patterns are further classified, and these are known as the 17 wallpaper groups. The
aperiodic patterns are a more recent discovery, and are much more mysterious. This include the
famous Penrose tilings.

In this slide show we will show many examples of periodic and aperiodic symmetries from art.
We will especially try to put in context the nearly shocking discovery last year of specific aperiodic
patterns in Islamic art, predating the discovery by mathematicians and physicists by 500 years.

MARATHON (MOST OF THE DAY, EVERY DAY)

Algebraic Topology. (x*#x*; Dan, David; week 1 of 1)

How does one prove that two topological spaces are different? If they are the same, one can
exhibit an explicit homeomorphism between them. But if they are different then one must prove
that no such homeomorphism exists. Algebraic topology provides tools to answer this question,
and to explore various subtle properties of topological spaces and continuous maps between them.

In this course we will be learning about homology and cohomology, which provide ways to
associate groups and rings to a topological spaces. In particular, if two spaces have different
homology or cohomology then they cannot be homeomorphic. These two functors provide much
more information about the spaces, however. One can use these ideas to extend the Hairy Ball
Theorem from Emily’s class last week, to generalize the notion of Euler characteristic and to prove
that division algebras over R must have dimension equal to a power of 2, as well as a huge range
of additional applications. Along the way we will cover a bunch of amazing theory from algebraic
topology.

Prerequisites: This class will move very rapidly and be quite abstract. You should be comfortable
with abelian groups and quotients, with rings, and with point set topology. Talk to Dan or David
if you want to take this class.

Related to: Point-set topology (Weeks 1-2); Low-dimensional topology (Week 2); The hairy ball
theory (Week 3); Metric spaces (Week 3)

11



